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Abstract
The notion of hidden symmetry algebra used in the context of exactly solvable systems is re-examined
from the purely algebraic way, analyzing subspaces of commuting polynomials that generate finite-dimensional
quadratic algebras. By construction, these algebras do not depend on the choice of realizations by vector
fields of the underlying Lie algebra, allowing to propose a procedure to analyze polynomial algebras as those
subspaces in an enveloping algebra that commute with a given algebraic Hamiltonian.
1 Introduction
The idea of hidden symmetry Lie algebra, introduced in regard of exactly and quasi-exactly solvable (quan-
tum) models is based on the existence of an infinite flag of functional linear spaces that is preserved that the
Hamiltonian, such as e.g. the finite-dimensional representation spaces of (semi-simple) Lie algebras of first
order differential operators [1–3]. This allows to describe the Hamiltonian of a system in terms of a parabolic
subalgebra of a Lie algebra. One the most relevant features that such an approach offers is the possibility to
obtain the spectrum of quantum models using tools from representation theory [4, 5]. However, this scheme is
somewhat limited, as it depends heavily on explicit realizations of Lie algebras by means of differential operators.
Other classes of quantum models and superintegrable systems have been studied over the years using different
techniques, such as systems characterized by symmetry algebras related to non Abelian polynomial algebras
(see e.g. [6–11]). The underlying polynomial algebras are constructed via integrals based on explicit differential
operator realizations [11], a fact that again poses a more or less severe restriction for their classification and
detailed study, as the relations among elements must be understood via a differential operator algebra.
The purpose of this paper is to describe, through the analysis of some representative quasi-exactly solvable
systems, how purely algebraic polynomial algebras can be constructed in such manner that the integrals deduced
also have an algebraic origin. The scheme is based on the connection between hidden symmetries and symmetry
algebras [5,12]. In these earlier works, the symmetry algebra is a consequence of the explicit choice of realization.
In this work we reexamine these examples and construct polynomials in terms of the generators of a parabolic
subalgebra that commute with the Hamiltonian, which is a second-order polynomial in the generators. Only the
commutation relations of the underlying non semisimple Lie algebra are used. It turns out that these polynomials
span the space of polynomials which commute with the Hamiltonian and provide a finitely-generated polynomial
algebra of higher order.
1.1 Finite-dimensional quadratic and hidden symmetry algebras
One-dimensional and spherically-symmetric quasi-exact solvable problems have been extensively studied, and
shown to be related to the representation theory of the simple Lie algebra sl(2,K) with K = R,C (see [1] and
references therein). More specifically, realizing sl(2,R) by the vector fields
J+n = x
2∂x − nx , J
0
n = x∂x −
n
2
, J−n = ∂x, n ∈ N, (1)
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the space Pn = 〈x
k|0 ≤ k ≤ n〉 of polynomials of degree at most n is easily seen to be invariant by the action
of the operators in (1). Considering n as a parameter, we obtain the flag space
P0 ⊂ P1 ⊂ · · · ⊂ Pn ⊂ Pn+1 ⊂ . . . , (2)
that turns out to be preserved for any value of n by a generic element of the universal enveloping algebra
U(b) of the Borel subalgebra b of sl(2,R) generated by the operators J0n, J
−
n . Exactly solvable systems are
obtained considering the Hamiltonian of the system as an element of the enveloping algebra U(b), while quasi-
exactly solvable systems are defined requiring that the Hamiltonian leaves the subspace Pn invariant. The
latter algebraic condition actually characterizes quasi-exactly solvable one-dimensional Hamiltonian systems,
whenever the generators are taken in realization (1), as was shown in [3]. The natural generalization of the
one-dimensional case is obtained considering the N -dimensional analogue of the flag space (2) identified with
finite-dimensional representations of semi-simple Lie algebra g realized as first-order differential operators, and
imposing that the Hamiltonian of the system is expressed in terms of the enveloping algebra associated to a
distinguished subalgebra that preserves the flag, such as a parabolic subalgebra (see e.g. [5]). The algebraic
formalism underlying the method of the hidden algebra can be briefly summarized in the following steps:
Let g be a (semisimple) Lie algebra and let Φ : g → X(R2) be a realization of the Lie algebra by first-order
differential operators such that for any n, the linear space of polynomials of degree p ≤ n defined by
P2n =
{
tkum, 0 ≤ k +m ≤ n
}
(3)
is a finite-dimensional representation of g. Considering n as a parameter, it follows that the flag space
P20 ⊂ P
2
1 ⊂ · · · ⊂ P
2
n ⊂ P
2
n+1 ⊂ . . . (4)
is invariant by the action of Φ(g). Now suppose that m is a subalgebra of g such that for each n ≥ 0 the relation
X
(
P 2n
)
⊂ P 2n , ∀X ∈ Φ(m) (5)
holds, i.e., that the flag is preserved by the (realized) subalgebra,1 and such that the Hamiltonian h of the
system can be expressed in terms of the differential operators associated to the generators in m:
h =
dimm∑
i,j=1
αijΦ(Xi)Φ(Xj) +
dimm∑
k=1
βkΦ(Xk), (6)
where αij , βk are constants and {X1, . . . , Xdimm} is a basis of m. In this context, the Hamiltonian h can be
interpreted as the image, via the realization Φ, of a quadratic element H in the universal enveloping algebra
U(m). Similarly, the constants of the motion ϕ1, ϕ2 can also be rewritten as elements of the enveloping algebra.
As differential operators (i.e., evaluated in the realization Φ), they satisfy the commutators
[h, ϕ1] = [h, ϕ2] = 0. (7)
The commutator [ϕ1, ϕ2], as well as successive commutators provide additional (dependent) higher-order con-
stants of the motion. It follows that, in general, the operators h, ϕ1, ϕ2 generate an infinite-dimensional algebra.
The use of hidden symmetry algebras in the context of (quasi-)exact solvable systems may suggest a purely
algebraic procedure to construct finite-dimensional quadratic polynomial algebras. In the preceding conditions,
we can formally consider the polynomial
H =
dimm∑
i,j=1
αijXiXj +
dimm∑
k=1
βkXk.
This element of U(m) corresponds to the Hamiltonian h once the generators of m are realized by vector fields.
Now let J1, J2 be two polynomials such that they correspond, via the realization Φ, to the constants of the
motion ϕ1, ϕ2. From the purely algebraic point of view, there is no necessity that the elements Js commute
with H as polynomials in U(m), as we merely know that the identity
[h, ϕs] = [H, Js] = 0 (mod Φ) (8)
holds. Hence, the operators ϕs are first integrals of the Hamiltonian h as a consequence of the specific realization
Φ, and not because they commute in the enveloping algebra U(m).
1The case where g ≃ m is not excluded.
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The question that arises naturally in this context is whether we can find polynomials in the enveloping algebra
U(m) that commute with H and generate a finite-dimensional quadratic Lie algebra, independently of any
particular realization. Starting from H ∈ U(m) and d = 2, let M2 denote the set of quadratic elements in the
enveloping algebra such that they commute with H :
M2 =
{
P ∈ U(m) | [H,P ] = 0,
∂3P
∂Xi1∂Xi2∂Xi3
= 0, 1 ≤ i1 ≤ i2 ≤ i3 ≤ dimm
}
.
The setM2 in particular contains the Hamiltonian H . If J2 =
{
I
(2)
1 , . . . , I
(2)
q
}
are linearly independent elements
of M2, there certainly exist nj ∈ R such that
H +
q∑
j=1
njI
(2)
j = 0 .
holds. Along the same lines, for any order d > 2, let Md be the set of elements in the enveloping algebra of
degree not exceeding d such that they commute with H :
Md =
{
P ∈ U(m) | [H,P ] = 0,
∂d+1P
∂Xi1 . . . ∂Xid+1
= 0, 1 ≤ i1 ≤ · · · ≤ id+1 ≤ dimm
}
.
For each such index, we denote by Jd the set of linearly independent elements. By construction, we have the
filtration M2 ⊂ M3 ⊂ · · · ⊂ Md ⊂ . . . within the centralizer CHU(m) of H in the enveloping algebra [13]. In
particular, the inclusions J2 ⊂ J3 ⊂ · · · ⊂ Jd ⊂ . . . hold. For the commutators of elements we have the inclusion
[Mp,Mq] ⊂Mp+q−1, p, q,≥ 2 (9)
is satisfied.
Fixing a value d0 ≥ 2, a subset Nd0 = {P1, . . . , Pr} ⊂ Jd0 generates a finite-dimensional quadratic polynomial
algebra A (Nd0) if for any 1 ≤ i, j ≤ r there exist constants µ
kℓ
ij , ν
q
ij such that
[Pi, Pj ] =
r∑
k,ℓ=1
µkℓij PkPℓ +
r∑
q=1
ν
q
ijPq. (10)
Therefore, given a (quasi-)exactly solvable system with Hamiltonian h, we can proceed recursively analyzing
the commutators in U(b) of the operators in Jd for any d ≥ 2.
2 Polynomial algebras related to the Smorodinsky–Winternitz sys-
tem
In the paper [12], the authors analysed the infinite-dimensional finitely-generated Lie algebra
g(s) ⊃ gl(2,R)⋉Rs+1 ⊕ Ts
using the following realization (see equations (19) and (20) there):
J1 = ∂t, J
2
N = t∂t −
N
3
, J3N = su∂u −
N
3
, J4N = t
2∂t + stu∂u −Nt,Ri = t
i∂u, Ts = u∂
s
t , (11)
where i = 0, 1, . . . , s and s takes integer values. For the special values s ≤ 1, we get, among others, the following
commutators:
[J1, J2] = J1, [J1, J3] = 0, [J1, J4] = 2J2 + J3, [J1, R0] = 0,
[J1, R1] = R0, [J
1, T1] = 0, [J
2, J3] = 0, [J2, J4] = J4,
[J2, R0] = 0 [J
2, R1] = R1, [J
2, T1] = −T1, [J
3, J4] = 0,
[J3, R0] = −R0, [J
3, R1] = −R1, [J
3, T1] = T1, [J
4, R0] = −R1,
[J4, R1] = 0, [R0, R1] = 0, [R0, T1] = J
1, [R1, T1] = J
2 − J3.
(12)
We observe that the commutation relation [J4, T1] involves terms depending on the generators Ts (see [12]).
However, if we restrict to the value s = 1 (and N = 0), the Lie algebra g(s) is isomorphic to sl(3) and we obtain
that the subalgebra ĝ1 spanned by {J1, J2, J3, T1, R0, R1}, is finite-dimensional. The system thus coincides
with the Smorodinsky–Winternitz system [14].
3
The exactly solvable integrable system given by the Hamiltonian and constants of the motion
h1 = −4t∂
2
t − 8u∂
2
tu − 4u∂
2
u + 4(ωt− 1− a− b)∂t + (4ωu− 2(2b+ 1))∂u, (13)
x1 = −4u(t− u)∂
2
u − 4((b +
1
2
)t− (a+ b + 1)u)∂u, (14)
y1 = 4((t− u)∂
2
t + (ω(u − t) + a+
1
2
)∂t. (15)
and satisfying the following operator algebra relations
[x1, y1] = z1,
[x1, z1] = 16x1y1 + 2h1x1 − 8z1 − 4ω(a− b)x1 + 16(−1 + a
2 + 2ab+ b2)y1 + 2(−1− a+ 2a
2 + b + 2ab) (16)
[y1, z1] = −8y
2
1 − 2h1y1 − ω
2x1 + 4ω(a− b)y1 +
1
2
(1 + 2a)h1
can be expressed algebraically in terms of the generators of the subalgebra ĝ1 as follows:
H1 = −4J
2J1 − 8J3J1 − 4R0J
3 + 4ωJ2 − 4((a+ b)− 1)J1 + 4ωJ3 − 2(2b+ 1)R0, (17)
P1 = −4J
3R1 + 4J
3J3 − 4(b+
1
2
)R1 + 4(a+ b)J
3, (18)
Q1 = 4(J
2J1 − T1J
1 + ωT1 − ωJ
2 + (a+
1
2
)J1. (19)
In the enveloping algebra U(ĝ1) we have the commutators
[H1, P1] = 8R0J
2 + 16bR0J
2 + 8R1J
1 − 16bR1J
1 + 16R0J
3J3 − 16R1J
3J1,
[H1, Q1] = 4ωJ
3J1 − 4ωT1R0 − 4J
3J1J1 + 4T1R0J
1.
We observe that the polynomials P1 and Q1 do not commute with H1 at the level of the enveloping algebra,
but only as the result of considering the realization (11). Thus the (infinite-dimensional) quadratic algebra
determined by (16) is only valid for the given realization, and is not an algebraic consequence of the underlying
hidden symmetry algebra.
In this situation, we inspect whether there exist higher-order operators (elements) in the enveloping algebra
U(ĝ1) such that they commute with the Hamiltonian as given in (17), but only using the commutation relations
(12), i.e., without invoking the explicit realization (11). Using symbolic computation packages,2 the following
second- and third-order operators that commute with the Hamiltonian (17) were found:
A1 =
1
2
(1 + 2b)J1 +
1
2
(1 + 2b)R0 − J
3ω − ωT1 + J
1J3 + J1T1 + J
3R0 + T1R0, (20)
B1 =
1
2
(−1 + 2a)J1 − J2ω + T1ω + J1J2 + J1J3 − J1T1 − T1R0, (21)
and
C1 =
1
4
(−1− 2a− 2b− 4ab)J1 + (1 + a+ b)J3ω −
1
2
T1(ω − 2aω)−
1
2
R1(ω + 2bω)
−(1 + a+ b)J1J3 +
1
2
(1 − 2a)J1T1 +
1
2
(1 + 2b)J2R0 + ωJ
3J3 − ωJ3R1 + ωJ
3T1
+T1R0 − ωT1R1 − J
1J3J3 − J1J3T1 + J
2J3R0 + J
2T1R0. (22)
These are genuine non vanishing differential operators. For the particular realization (11), we recover the
commutation with the Hamiltonian (13). As can somehow be expected, the operators A1, B1 and h1 are related
algebraically, by means of
A1 +B1 +
1
4
h1 = 0,
implying that, in addition to the Hamiltonian, only one of the found operators can be considered as an (alge-
braically independent and in fact linearly independent) quadratic integral.
The crucial step in this approach is to show that the operators A1 and C1 generate a finite-dimensional poly-
nomial algebra, taking only into account the commutation relations of the generators {J1, J2, J3, T1, R0, R1},
2Specifically, the NCAlgebra package for MATHEMATICA c©.
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and that the result is completely independent on the particular realization of these generators. Starting from
A1 and C1, the following commutators are found:
[A1, B1] = 0, [A1, C1] = D1, [A1, D1] = ωD1,
[C1, D1] =
1
2
{B1, D1} −
1
2
{A1, D1}+
1
2
(a− b){A1, B1}
+−
1
2
(1 + 2a)(a− b)ω2A1 −
1
2
(a− b)(1 + 2b)ω2B1 + ω
2(b − a)ω2C1
[B1, C1] = −D1,
where {◦, ◦} denotes here the anticommutator.
Following this argumentation, we can analyse the finitely-generated sets of elements having at most pth-order
in the enveloping algebra U(ĝ1) that commute with the Hamiltonian. At the fourth order, three such elements
can be found, given respectively by
L1 =aω
2J3 +
ω2
2
(1 − 2a− 2b)J2 +
ω
4
(1 + 4b+ 4b2)R0 − 2ω
2(1− a)T1 −
ω2
2
(1 + 2b)R1
−
ω
2
(−1 + 2a− 2a2 − 2b− 2b2)J1 +
1
2
(a2 − a− b+ 2ab+ b2)J21 +
ω
2
(1− 2a)J1J3
+
1
2
(1 + a+ 3b+ 2ab+ 2b2)J1R0 + 2ω(1− a)J1T1 +
ω
2
2
J22 + ω
2J2J3 +
3ω2
2
J23
− ω2J3R1 + ω
2J3T1 +
1
8
(3 + 8b+ 4b2)R20 +
ω
2
(5− 2a)T1R0 − ω
2T1R1 − ωJ1J
2
2
+
1
2
(2a+ 2b− 1)J21J2 + (2a+ 2b− 1)J
2
1J3 − 3ωJ1J2J3 +
1
2
(1 + 2b)J1J2R0 − 3ωJ1J
2
3
+ (2 + a+ 3b)J1J3R0 − ωJ1J3T1 + ωJ2T1R0 − ωJ
2
3R0 + (1 + b)J3R
2
0 +
1
2
J21J
2
2 + 2J
2
1J
2
3
+ 2J21J2J3 + J1J2J3R0 + 2J1J
2
3R0 +
1
2
J23R
2
0
L2 =
ω
4
(1 + 4b+ 4b2)J1 +
ω
4
(1 + 4b+ 4b2)R0 − ω
2(1 + b)J3 −
aω2
2
(3 + 2b)T1 +
1
8
(3 + 8b+ 4b2)J21
+
1
4
(3 + 8b+ 4b2)J1R0 + ωJ1T1 +
1
2
ω2J23 + ω
2J3T1 +
1
8
(3 + 8b+ 4b2)R20 + ωT1R0 +
1
2
ω2T 21
+ (1 + b)J21J3 +
1
2
(1 + 2b)J21T1 − ωJ1J
2
3 + 2(1 + b)J1J3R0 − 2ωJ1J3T1 + (1 + 2b)J1T1R0
− ωJ1T
2
1 − ωJ
2
3R0 + (1 + b)J3R
2
0 − 2ωJ3T1R0 +
1
2
(1 + 2b)T1R
2
0 − ωT
2
1R0 +
1
2
J21J
2
3 + J
2
1J3T1
+
1
2
J21T
2
1 + J1J
2
3R0 + 2J1J3T1R0 + J1T
2
1R0 +
1
2
J23R
2
0 + J3T1R
2
0 +
1
2
T 21R
2
0
L3 =−
ω
2
(1− 2a+ 2a2 + 2b+ 2b2)J1 −
ω
4
R0(1 + 4b+ 4b
2)R0 − ω
2(1− a)J2 + ω
2(1 + b)J3
− ω2(a− b− 3)T1 +
1
4
(4a− 2a2 − 4b− 2b2 − 3)J21 +
ω
2
(1− 2a)J1J3 − ωJ1T1 + ω
2J2T1
−
1
4
(3 + 8b+ 4b2)J1R0 −
ω2
2
(J22 + J
2
3 )− ω
2J3T1 −
1
8
(3 + 8b+ 4b2)R20 +
ω
2
(2a− 5)T1R0
− ω2T 21 + (1− a)J
2
1J2 − (a+ b)J
2
1J3 + (a− b − 2)J
2
1T1ωJ1J
2
2 + ωJ1J2J3 − 2ωJ1J2T1
+ ωJ1J
2
3 − 2(1 + b)J1J3R0 + ωJ1J3T1 +
1
2
(2a− 4b− 3)J1T1R0 + 2ωJ1T
2
1 − ωJ2T1R0
+ ωJ23R0 − (1 + b)J3R
2
0 + 2ωJ3T1R0 −
1
2
(1 + 2b)T1R
2
0 + 2ωT
2
1R0 −
1
2
J21J
2
2 − J
2
1J2J3
+ J21J2T1 − J
2
1J
2
3 − J
2
1T
2
1 + J1J2T1R0 − J1J
2
3R0 − J1J3T1R0 − 2J1T
2
1R0 −
1
2
J23R
2
0
− J3T1R
2
0 − T
2
1R
2
0.
In terms of A1, B1 and D1, the operators Li satisfy the following algebraic relations:
5
L3 +
1
2
A21 +
1
2
B21 + ω(2a+ b− 1)A1 + ω(a− 1)B1 = 0,
L2 −
1
2
A21 − ω(1 + b)A1 = 0,
L1 −
1
2
A21 −
1
2
B21 − 2A1B1 +
1
2
(2a− 2b− 1)ωA1 + ω(1− a)B1 −D1 = 0.
It can be shown that at the fifth order there is another operator K1 that commutes with the Hamiltonian, the
explicit expression of which is omitted because of its length. As a polynomial in the operators A1, B1 and D1
it can be expressed as
K1 +
1
ω
C1A1 −
1− a
ω
A21 −
3 + 2b
ω
A1B1 −
1 + b
ω
B21 −
1
2
(1 + 2b)C1 −
5 + 13b
2
+ b2
−
1
2
a(3 + 2b)A1 −
1
2
(−3 + 4a+ 4ab+ 4b2)B1 = 0.
The reexamination of the exactly solvable systems in ( [12]) shows how the existence of a finite-dimensional
polynomial algebra can be derived using only the enveloping algebra of U(ĝ1).
3 Higher-order polynomial algebras deduced from gl(3)
In a slightly different manner, the exact solvability of superintegrable systems was discussed in the paper [5]
using the reductive Lie algebra gl(3,R) as hidden symmetry algebra. The authors considered the following
realization:
J1 = ∂t, J2 = ∂u, J3 = t∂t, J4 = u∂u, J5 = u∂t, J6 = t∂u
J7 = t
2∂t + tu∂u − nt, J8 = tu∂t + u
2∂u − nu, X = n. (23)
In terms of these generators, the commutation relations are given by
[J1, J2] = 0, [J1, J3] = J1, [J1, J4] = 0, [J1, J5] = 0,
[J1, J6] = J2, [J1, J7] = 2J3 + J4 − n, [J1, J8] = J5, [J2, J3] = 0,
[J2, J4] = J2, [J2, J5] = J1, [J2, J6] = 0, [J2, J7] = J6,
[J2, J8] = J3 + 2J4 − n, [J3, J4] = 0, [J3, J5] = −J5, [J3, J6] = J6,
[J3, J7] = J7, [J3, J8] = 0, [J4, J5] = J5, [J4, J6] = −J6,
[J4, J7] = 0, [J4, J8] = J8, [J5, J6] = −J3 + J4, [J5, J7] = J8
[J5, J8] = 0, [J6, J7] = 0, [J6, J8] = J7, [J7, J8] = 0.
The main feature of the preceding realization lies in the fact that the four classical (and quantum) superintegrable
systems on the real plane admitting two independent first integrals quadratic in the momenta, in addition to the
Hamiltonian, can be rewritten in terms of the maximal parabolic subalgebra of sl(3,R) (see [5] for details). From
these four superintegrable systems, we consider the two first, as the analysis of the remaining cases essentialy
reduces to that of Case I.
3.1 Case I
We consider the following differential operators
hI = −2t∂2t − 2u∂
2
u + 2t∂t + 2u∂u − (2p1 + 1)∂t − (2p2 + 1)∂u + 1 + p1 + p2,
xIc = 2t∂
2
t − 2u∂
2
u − 2t∂t + 2u∂u + (2p1 + 1)∂t − (2p2 + 1)∂u − p1 + p2, (24)
xIr = 4tu(∂t − ∂u)
2 + 2((2p1 + 1)u− (2p2 + 1)t)(∂t − ∂u)− (p1 + p2)
2,
where the first operator one represents the Hamiltonian of the system and the remaining ones the quadratic
first integrals:
[hI , xIc ] = [h
I , xIR] = 0.
As differential operators, the generators xIc , x
I
r span the following algebra:
[xIc , x
I
r ] = x
I
cr,[
xIr , x
I
cr
]
= 16xIcx
I
r − 8x
I
cr − 16(−1 + p
2
1 + p1p2 + p2)x
I
c − 16(p1 − p2)x
I
r − 16(−p1 + p
2
1 + p2 − p
2
2)h
I , (25)[
xIc , x
I
cr
]
= −8(xIc)
2 + 8(hI)2 + 16(p1 − p2)x
I
c + 16x
I
r + 16(1 + p1 + p2)h
I .
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In terms of the maximal parabolic subalgebra of gl(3), the differential operators (24) can be expressed as
HI = −2J3J1 − 2J4J2 + 2J3 + 2J4 − (2p1 + 1)J1 − (2p2 + 1)J2,
P Ic = 2J3J1 − 2J4J2 − 2J3 + 2J4 + (2p1 + 1)J1 − (2p2 + 1)J2, (26)
P IR = 4J3J5 + 4J4J6 − 8J3J4 + 2(2p1 + 1)J5 − 2(2p2 + 1)J3 − 2(2p1 + 1)J4 + 2(2p2 + 1)J6,
from which we obtain the relations [HI , P Ic ] = 0 and
[HI , P IR] =4J3J2 + 8p2J3J2 + 4J4J1 + 8p1J4J1 + 4J5J2 − 8p1J5J2 + 4J6J1 − 8p2J6J1
+ 8J4J3J1 + 8J4J3J2 − 8J5J3J2 − 8J6J4J1.
The interesting fact is that the operator P IR, seen as a polynomial in the generators of the subalgebra of gl(3),
does not commute with the Hamiltonian as given in (26). The third order polynomial on right-hand side of
[HI , P IR] only vanishes when the differential operator realization given by (24) is used. This points out that the
preceding quadratic algebra is only satisfied at the operator level, and not as a polynomial in the enveloping
algebra of gl(3).
Like before, we search systematically for all second- and third-order polynomials in the generator of gl(3) that
commute with the Hamiltonian as given in (26). In this case, the following eight polynomials can be found:
A1 =−
2− n+ (4 − 2n)p1
2
J5 −
2− n− (4− 2n)p1
2
J4 −
2− n+ (4− 2n)p2
2
J6 −
2− n− (4− 2n)p2
2
J3
− J23 + (3− 2n)J3J4 + (n− 2)J3J5 + (n− 2)J4J6 − J1J4J7 + J1J6J8 − J2J3J8 + J2J5J7 + J
2
3J4
+ J3J
2
4 − J3J5J6 − J4J5J6,
A2 =−
2p1 + 1
2
J5 +
2p2 − 1
2
J3 +
1− 2p2
2
J2J3 +
2p1 + 1
2
J2J5 + J3J4 − J3J5 − J2J3J4 + J2J3J5,
A3 =
2p1 − 1
2
J4 −
1 + 2p2
2
J6 +
1− 2p1
2
J1J4 +
1 + 2p2
2
J1J6 + J3J4 − J4J6 − J1J3J4 + J1J4J6,
A4 =
2p1 − 1
2
J4 −
1 + 2p1
2
J5 +
1 + 2p2
2
J3 −
1 + 2p2
2
J6 + J3J4 − J3J5 − J4J6 + J5J6,
A5 =(n− 1)J4 −
1 + 2p1
2
J5 +
2p2 − 1
2
J3 +
2p1 − 1
2
J1J4 +
1− 2p2
2
J2J3 + J2J8 − J3J5 − J
2
4 + J1J3J4 − J2J3J4,
A6 =− J4 +
2p2 − 1
2
J2 + J2J4,
A7 =(n− 1)J3 +
2p1 − 1
2
J4 −
1 + 2p2
2
J6 +
1− 2p1
2
J1J4 + J1J7 +
2p2 − 1
2
J2J3 − J
2
3 − J4J6 − J1J3J4 + J2J3J4,
A8 =− J3 +
2p1 − 1
2
J1 + J1J3.
These operators are not all linearly independent, as the following identities hold:
A4 +
1
4
P IR = 0, A6 −
1
4
HI +
1
4
P Ic = 0, A8 −
1
4
HI −
1
4
P Ic = 0.
Prior to determine other algebraic relations between the generators, we find the minimal polynomial algebra
A that {A1, . . . , A8} generate, and analyze whether the complete set of polynomials that commute with the
Hamiltonian is finitely generated and coincides with A. Considering the commutators of the polynomials
{A1, . . . , A8}, those that give rise to algebraic expression at most quadratic in the generators are the following:
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[A1, A2] =(2− n)A4A6 + (n− 2)A4A8 +A3(3−
3
2
n+ (n− 2)p) +A6(n− 2 + 2(2− n)p1)
+A4(2p1 − 2p2 − np1 − np2) +A2(−3 +
3
2
n+ 4p2 − 2np2) +A8(2− n− 4p2 + 2np2),
[A1, A3] =(2− n)A4A6 + (n− 2)A4A8 +A3(−3 +
3
2
n+ 2p1− np1) +A6(2− n− 4p1 + 2np1)
+A2(6− 3n− 4p2 + 2np2) +A4(−2p1 + np1 + 2p2 + np2) +A8(−2 + n+ 4p2 − 2np2),
[A1, A4] =0,
[A1, A6] =(2− n)A2 + (n− 2)A3 +A6(1−
n
2
− 2p1 + np1) +A8(−1 +
n
2
+ 2p2 − np2),
[A1, A8] =(2− n)A2 + (n− 2)A3 +A6(−1 +
n
2
+ 2p1 − np1) +A8(1−
n
2
− 2p2 + np2),
[A2, A3] =−A4A6 +A4A8 +A6(1− 2p1) +
1
2
A3(−3 + 2p1) +A2(
3
2
− p2) +A4(−p1 + p2) +A8(−1 + 2p2),
[A2, A4] =−A4A6 +A4A8 +A6(1− 2p1) +
1
2
A3(−3 + 2p1 +A2(
3
2
− p2) +A4(−p1 + p2) +A8(−1 + 2p2),
[A2, A6] =A2 −A6A8 +
2p2 − 1
2
A8,
[A2, A8] =−A2 +A6A8 −
2p2 − 1
2
A8,
[A3, A4] =A4A6 −A4A8 +
3− 2p1
2
A3 + (2p1 − 1)A6 − (2p2 − 1)A8 +A4(p1 − p2) +
2p2 − 3
2
A2,
[A3, A6] =−A3 +A6A8 −
2p1 − 1
2
A6,
[A3, A8] =A3 −A6A8 +
2p1 − 1
2
A6,
[A4, A6] =A2 −A3 −
2p1 − 1
2
A6 +
2p2 − 1
2
A8,
[A4, A8] =−A2 +A3 +
2p1 − 1
2
A6 −
2p2 − 1
2
A8,
[A6, A8] =0.
The generators {A1, A2, A3, A4, A6, A8} are related through a cubic constraint:
A2A3 −A2A6 −A3A8 +
2p1 + 1
2
A4A6 +
2p1 − 1
2
A26 −
2p1 − 1
2
A3A6 +
2p2 − 1
2
A4A8
−
2p1 − 2p2 − 4p1p2 + 1
4
A2 −
2p1 + 2p2 − 4p1p2 − 5
4
A3 −
3− 6p1 − 2p2 + 4p1p2
4
A6
−
2p2 − 1
2
A2A8 +
2p2 − 1
2
A28 +
2p1 − 2p2 − 4p1p2 + 1
4
A4 +
2p1 − 2p2 − 4p1p2 + 1
4
A8 −A4A6A8 = 0
As follows from the preceding commutators, the polynomials A5 and A7 have not been considered, because
they give rise to expressions that are no more quadratic in the generators. However, it should be observed
that for the realization (23) as differential operators, both A5 and A7 are expressible as linear combinations of
{A1, A2, A3, A4, A6, A8}:
A5 −A2 +A8 = 0, A7 +A2 −A4 −A8 = 0.
3.2 Case II
The second type given in [5] possesses the following Hamiltonian and first integrals:
hII = − ∂2t − 2u∂
2
u + 2t∂t + (2u− 1− 2p2)∂u +
3
2
+ p2,
xIIc =2∂
2
t − 4u∂
2
u − 4t∂t + 2(2u− 1− 2p2)∂u − 1 + 2p2,
xIIp = − 4tu∂
2
u + 4u∂
2
tu − (2u− 1− 2p2)∂t − 2t(1 + 2p2)∂u.
(27)
Besides the relations [hII , xIIc ] = 0, [h
II , xIIp ] = 0, these differential operators satisfy the following commuta-
tion relations:
[xIIc , xp] = x
II
cp , [x
II
c , x
II
cp ] = 64x
II
p ,
[xIIp , x
II
cp ] = −6x
II
c − 8h
IIxIIc + 8(h
II)2 + 8(−3− 4p2 + 4p
2
2),
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where
xIIcp = −32u∂
3
tuu − 16(1 + 2p2 − 2u)∂
2
tu + 32tu∂
2
uu + 8(1 + 2p2 − 2u)∂t + 16(1 + 2p2)t∂u.
Expressed in terms of the generators of the subalgebra A, we have that
HII = −J1J1 − 2J4J2 + 2J3 + 2J4 − (1 + 2p2)J2 +
3
2
+ p2,
P IIc = 2J1J1 − 4J4J2 − 4J3 + 4J4 − (1 + 2p2)J2 − 1 + 2p2, (28)
P IIp = −4J4J6 + 4J1J4 − 2J5 + (1 + 2p2)J1 − (2 + 4p2)J6.
While the operator P IIc still commutes with the Hamiltonian as a polynomial in the Ji’s, P
II
p leads to a quadratic
element:
[HII , P IIc ] = 0, [P
II , P IIp ] = 4(J5J2 − J4J1).
The latter commutator only vanishes when evaluating the generators Ji at the realization (27). We conclude
that the quadratic algebra is only valid as operator algebra and is not a consequence of the underlying Lie
algebra but of the explicit choice of realization as differential operator.
Analyzing the enveloping algebra in search of second- and third-order polynomials that commute with the
Hamiltonian in (28) at the purely algebraic level, we again find eight such polynomials, given respectively by
A1 =(n− 2)J3 − J
2
3 + (1− n)J3J4 + (n− 2)J5J6 − J1J4J7 + J1J6J8 − J2J3J8
+ J2J5J7 + J
2
3J4 + J3J
2
4 − J3J5J6 − J4J5J6,
A2 =− J3 +
1 + 2p2
2
J1J6 +
1− 2p2
2
J2J3 + J3J4 − J5J6 −
1
2
J21J4 +
1
2
J1J2J5
+ J1J4J6 − J2J3J4,
A3 =− (1 + 2p2)J6 +
2p2 − 1
2
J1J2 − 2J4J6 + J1J2J4,
A4 =(n− 1)J4 + J2J8 − J3J4 − J
2
4 +
1
2
J21J4 −
1
2
J1J2J5,
A5 =− J5 +
2p2 − 1
2
J1 − (1 + 2p2)J6 + J1J4 + J2J5 − 2J4J6,
A6 =− J4 +
2p2 − 1
2
J2 + J2J4,
A7 =(n− 2)J3 + J1J7 − J
2
3 − J5J6 −
1
2
J21J4 +
1
2
J1J2J5,
A8 =− 2J3 + J
2
1 .
Among these polynomials, six of them span a 6-dimensional quadratic algebra, the commutators of which are
given by
[A1, Ai] =0, i = 2, 3, 5, 6, 8,
[A2, Ai] =0, i = 1, 3, 5, 6, 8,
[A3, A5] =− 2A2 − 2A
2
6 + 2A6A8 +
1− 2p2
2
A8 + (1 + 2p2)A6,
[A3, A6] =−A3, [A3, A8] = 2A3, [A5, A6] = −2A3 +A5,
[A5, A8] =4A3 − 2A5, [A6, A8] = 0.
The generators {A1, A2, A3, A5, A6, A8} are moreover related by means of a cubic polynomial
1
2
A23 −
1
2
A3A5 + A2A6 −A
2
6 −
1
2
A26A8 +
2p2 − 1
2
A6 +
2p2 + 1
4
A6A8 −
2p2 + 1
2
A2 = 0.
On the other hand, the commutator of the polynomials A4 and A7 with the remaining generators do not give
rise to a quadratic expression, but reduce to linear combinations of {A1, A2, A3, A5, A6, A8} when evaluated at
the realization (27)
A8 − 2A7 = 0, A8 + 2A4 = 0.
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4 Generalized algebraic Hamiltonians
The preceding examples illustrate that the space Md of polynomials commuting with an algebraic Hamiltonian
H can differ considerably from one case to another. In this context, it is reasonable to inspect to which extent
the existence of commuting polynomials depends on the relation among the coefficients of the Hamiltonian H ,
and whether by an appropriate variations of these constants a given exactly solvable system can be generalized
to a parameterized family with similar properties.
As first example, we consider a generalized version of the (algebraic) Hamiltonian (17)
H1 = a1J
2J1 + a2J
3J1 + a3R0J
3 + a4J
2 + a5J
1 + a6J
3 + a7R0, (29)
where the parameters ai are supossed to be free. Besides this quadratic polynomial in U(ĝ
1), which is the
Hamiltonian itself, there are no other polynomials of the second, third or fourth order that commute with the
Hamiltonian H1, unless certain algebraic relations among the parameters are also imposed. This shows that the
generic analysis does not necessarily lead to the construction of quadratic algebras, as additional constraints
on the coefficients are required to ensure the existence of algebraic higher-order first integrals. Ultimately, such
relations among the coefficients are heavily dependent on the underlying hidden symmetry algebra considered.
Let us now consider the following parameterized generalization of the Hamiltonian in (26):
H ′I = a1J3J1 + a2J4J2 + a3J3 + a4J4 + a5J1 + a6J2. (30)
As before, no relation between the parameters is assumed. In contrast to the preceding case, here there exist
two (independent) polynomials of order 2, 4 of order 3 and 7 of order four that commute with H ′I . Among
these polynomials, those of order two commute with each other and with any of the polynomials of orders three
and four. Considering the commutators of the non-quadratic polynomials, additional higher-order operators are
obtained, so that higher-order non-Abelian polynomial algebras may exist for this generic case.
Finally, the Hamiltonian
H ′I = −2J3J1 +−22J4J2 + 2J3 + 2J4 − (2p1 + 1)J1 − (2p2 + 1)J2 + p3J1J2 + p4J
2
1 + p5J
2
2 (31)
can be considered as a deformation of the Hamiltonian in (26) by a quadratic term parameterized by p3, p4, p5. In
this case, two second-order polynomials and one third-order polynomials which commute with the Hamiltonian
and with each other can be found, thus leading to an Abelian algebra. The analysis of fourth-order polynomials
shows that the three solutions are obtained as commutators of the lower order operators.
4.1 A generic system with fixed cubic integral
We illustrate by an example how the hidden symmetry algebra of a known exactly solvable system can be used
to derive new or alternative systems depending on some parameters, starting with a given first integral. To this
extent, let us consider again the subalgebra ĝ1 of g(1) spanned by {J1, J2, J3, T1, R0, R1}. Instead of using the
Hamiltonian (17), we consider the fixed cubic polynomial given by
Q2 = −J
2 + T1 − J
2J3 + J2R1 − T1R1 + J
2J3R1.
A routine computation shows that the most general quadratic element in U
(
ĝ1
)
that commutes with Q2 has
the form a1P1 + . . . a4P4, where ai ∈ R and
P1 = J
2 − J2J3 + T1R1, P2 = J
1 +R0 + J
3R0, P3 = J
2 + J3, P4 = P
2
3 .
As algebraic Hamiltonian, we consider a generic nonvanishing linear combinationH = a1P1+a2P2+a3P3+a4P4.
Leaving the coefficients free, the only quadratic polynomials that commute with H are the Hamiltonian itself,
as well as the polynomial Q1 = J
3R1 +R1 − J
3. By construction, it follows that Q1 and Q2 do not commute,
and indeed we obtain the fourth-order operator
[Q1, Q2] = −J
2 + J3 + T1 − J
3J2 + (J3)2 +R1J
3 − T1R1 +R1J
3J2 − 2R1(J
3)2 − (R1)
2J3 + (R1)
2(J3)2.
These commutation relations are valid in the enveloping algebra U
(
ĝ1
)
for any values of the parameters ai, and
are moreover independent on any realization of the generators by vector fields. If we now take into account the
particular realization (11), we obtain the differential operators
h = (a2 + (a1 + a4)t)∂t + (a2 + (a1 + a4)u)∂u + a4t
2∂2t + 2a4tu∂
2
ut + (a2 + a4u)u∂
2
u + a3(t∂t + u∂u),
x1 = (t− u)∂u + (u− t)∂t + (t
2 − 2tu)∂2tu + tu∂
2
u + t
2u∂3uut, (32)
y1 = (t− u)∂u + tu∂
2
u.
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We obviously have that x1, y1 are constants of the motion of the Hamiltonian h, and that the commutator of
x1 and y1 leads to the fourth-order differential operator
[x1, y1] =(t− u)∂t + (t− u)∂u + (2tu− t
2)∂2tu + (5tu− u
2 − 2t2)∂2u − t
2u∂3uut
+ (2tu2 − 4t2u)∂3u − t
2u2∂4u.
We finally observe that, while [x1, [x1, y1]] provides another operator de order six, as expected, the identity
[y1, [x1, y1]]− [x1, y1] = 0 is satisfied.
5 Conclusion
Many approaches have been introduced over the years to generate superintegrable systems and their symmetry
algebras. These approaches are based on PDE’s, ladder operators, orthogonal polynomials or reccurence rela-
tions, thus they rely on explicit realizations. The hidden algebra approach combines both a purely algebraic
construction and explicit realizations of Lie algebras by differential operators. In this paper we have focused
on the algebraic formalism underlying the hidden symmetry method, and more specifically, on the construction
of finite-dimensional quadratic polynomial algebras. These algebras are obtained analyzing the subspaces that
commute with a Hamiltonian, whenever the latter is written as an element belonging to the enveloping algebra
of an appropriate subalgebra of the hidden symmetry algebra. For three known models studied in [5, 12], we
obtained a 4-dimensional and two 6- dimensional quadratic algebra, respectively. The symmetry algebra of the
Smorodinsky-Winternitz system, which corresponds to a special case of the hierarchy studied in [5], can thus
be formulated in a purely algebraic way, without referring to an explicit realization by differential operators.
This suggests to reexamine other models along the same lines, such as the singular Calogero or the Wolfes
model, which are also contained in the family described in [5], and even to see whether the algebraic approach
can provide additional information on the higher-order integrals for the parameter values for which the direct
analytic approach has turned out to be intractable.
In principle, there are two possibilities to pursue the analysis. On the one hand, we can analyze deformations
or generalizations of a given Hamiltonian and hidden symmetry algebra, in order to find new or alternative
(superintegrable) systems, by suitably characterization of the subspaces Md of polynomials that commute with
the Hamitonian H . As such polynomials commute with H in the corresponding enveloping algebra, they will
give rise to constants of the motion for any nontrivial realization of the Lie algebra by vector fields. This means
that the same operators would lead to essentially different systems for nonequivalent realizations. Another
possibility concerns the classification of classes of polynomial algebras, by means of re-examination of the
enveloping algebra of Lie algebras. The first step in this direction would be to establish criteria that allow
to decide if for any given (quasi-) exactly solvable system there exist finite-dimensional quadratic polynomial
algebras associated to it, and whether the resulting algebras are related to each other, either by extension or
some other procedure. Work in these directions is currently in progress.
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